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Abstract
Given two finite words u and v of equal length, define the overlap gap between u and
v, denoted og(u, v), as the least integer m for which there exist words x and x′ of length
m such that xu = vx′ or ux = x′v. Informally, the overlap gap measures the outside parts
of the greatest overlap of the given words.
For a left-infinite word λ and a right-infinite word ρ, let ogλ,ρ be the function defined, for
each non-negative integer n, by ogλ,ρ(n) = og(λn, ρn), where λn and ρn are, respectively,
the suffix of λ and the prefix of ρ of length n. Also, denote by OGλ,ρ the image of the
function ogλ,ρ.
In this paper, we show that OGλ,ρ is a finite set if and only if λ and ρ are ultimately
periodic infinite words of the form λ = u−∞w1 = · · ·uuuw1 and ρ = w2u+∞ = w2uuu · · ·
for some finite words u, w1 and w2.
Keywords. Infinite word, overlap words, ultimately periodic.
1 Introduction
This paper deals with a combinatorial problem on infinite words that arose in the study of
semidirect products of pseudovarieties of the form V ∗ D. Recall that a (semigroup) pseu-
dovariety is a class of finite semigroups closed under taking subsemigroups, homomorphic
images and finite direct products, and that D is the pseudovariety of all finite semigroups
whose idempotents are right zeros. The pseudovarieties of the form V ∗D contain both the
pseudovariety D and its dual K, the pseudovariety of all finite semigroups whose idempotents
are left zeros. Free profinite semigroups relative to a given pseudovariety have been shown
to be important in revealing essential information about the pseudovariety [1]. Since the free
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pro-D (resp. pro-K) semigroups are described (see [1]) in terms of finite and left-infinite (resp.
right-infinite) words, it is natural to expect that combinatorial properties involving left-infinite
and right-infinite words may arise in the study of the pseudovarieties V ∗D.
In [4], the authors investigated a certain property, called κ-reducibility, of semidirect prod-
ucts of the form V ∗ D. In that investigation, we wanted to choose a positive integer n
(determining a suffix λn of length n for each left-infinite word λ) in such a way that, for two
left-infinite words λ and ρ, if λn and ρn would occur in a finite word, then those occurrences
would be distant enough. To be more precise, given any positive integer q, we wanted to
ensure that, if λnx = x
′ρn or xλn = ρnx
′ then the length of the words x and x′ would be
necessarily at least q. This objective was obviously impossible in the general case. We have,
however, found that if one takes a representative for each class of confinal left-infinite words
(i.e., left-infinite words having a common suffix), then the existence of a positive integer n in
the above conditions is guaranteed for these representatives. This study is reviewed in Section
4 below.
In the present paper, we study a similar combinatorial question but involving a left-infinite
word and a right-infinite word instead of two left-infinite words. This question is motivated
by an attempt to extend the above investigation [4] to the notion of complete κ-reducibility
(see [2]) of semidirect products of the form V∗D. The combinatorial question is the following:
given a left-infinite word λ, a right-infinite word ρ and a positive integer q, is there a positive
integer n such that, for the suffix λn of length n of λ and the prefix ρn of length n of ρ, if
λnx = x
′ρn or xλn = ρnx
′ then the length of the words x and x′ are inevitably at least q.
The answer to this problem is negative in general, since for the infinite words of the form
λ = u−∞w1 and ρ = w2u
+∞ the words x and x′ may have a length lower than the maximum of
the lengths of the words uw1 and w2u. In this paper, we show that the question above has a
negative answer only for infinite words of that form.
2 Preliminaries
In this section, we start by briefly recalling the basic definitions and notations on finite and
infinite words. We follow closely the terminology of Lothaire [5]. Next, we introduce the
overlap gap function associated to a pair of words (one left-infinite and the other right-infinite)
that motivates this work.
2.1 Finite and infinite words
An alphabet is a finite non-empty set A and A+ and A∗ denote, respectively, the free semigroup
and the free monoid generated by A, with ε representing the empty word. The length of a
word w ∈ A∗ is indicated by |w| and the set of all words over A with length n is denoted by
An.
A word u is called a factor (resp. a prefix, resp. a suffix) of a word w if there exist words
x, y such that w = xuy (resp. w = uy, resp. w = xu). A word is named primitive if it cannot
The overlap gap between left-infinite and right-infinite words 3
be written in the form un with n > 1. Two words u and v are said to be conjugate if u = w1w2
and v = w2w1 for some words w1, w2 ∈ A
∗.
A left-infinite word on A is a sequence λ = (an)n of elements of A indexed by −N, also
written λ = · · · a−2a−1a0. The set of all left-infinite words on A will be denoted by A
−N.
Dually, a right-infinite word on A is a sequence ρ = (an)n of letters of A indexed by N,
also written ρ = a0a1a2 · · · , and A
N denotes the set of all right-infinite words on A. A
left-infinite word λ (resp. a right-infinite word ρ) of the form λ = u−∞w = · · · uuuw (resp.
ρ = wu+∞ = wuuu · · · ), with u ∈ A+ and w ∈ A∗, is said to be ultimately periodic. The
word u (and its length |u|) is called a period of λ (resp. of ρ) and the word w (and its length
|w|) is called a preperiod of λ (resp. of ρ). Notice that, for two ultimately periodic words
α1, α2 ∈ A
−N ∪ AN, if Pi = {w ∈ A
+ : w is a period of αi} (i = 1, 2), then either P1 = P2 or
P1 ∩ P2 = ∅.
For any ultimately periodic word λ ∈ A−N (resp. ρ ∈ AN) there exist unique words u,w of
shortest length such that λ = u−∞w (resp. ρ = wu+∞). Of course, in this case, u is a primitive
word and, if w 6= ε, the first (resp. the last) letters of u and w do not coincide. Besides,
λ = u−∞w (resp. ρ = wu+∞) is said to be the canonical form of λ (resp. of ρ), the word u (and
its length) is called the period of λ (resp. of ρ) and the word w (and its length) is called the
preperiod of λ (resp. of ρ). Obviously, ultimately periodic words may have the same period
number and distinct period words. If the preperiod number of an ultimately periodic word
α ∈ A−N ∪AN is 0 and p ∈ N is a period of α, then α is said to be a p-periodic word.
An integer p ≥ 1 is a period of a finite word w = a1a2 · · · an where ai ∈ A if ai = ai+p
for i = 1, . . . , n − p. In such a case, w is called a p-periodic word. Notice that a finite word
w ∈ A+ is p-periodic if and only if w is a factor of a p-periodic infinite word.
2.2 The overlap gap function
For words u and v of equal length, we define:
log(u, v) = min{n ∈ N : ux = x′v with x, x′ ∈ An},
rog(u, v) = min{n ∈ N : xu = vx′ with x, x′ ∈ An},
og(u, v) = min{log(u, v), rog(u, v)}.
The non-negative integers log(u, v), rog(u, v) and og(u, v) are called, respectively, the left
overlap gap, the right overlap gap and the overlap gap between u and v. Notice that log(u, v) =
0 if and only if u = v if and only if rog(u, v) = 0.
Consider infinite words λ ∈ A−N and ρ ∈ AN. For any non-negative integer m, we will
denote by λm and ρm, respectively, the suffix of λ and the prefix of ρ of length m. For
each f ∈ {log, rog, og}, we let fλ,ρ be the function fλ,ρ : N → N defined, for each non-
negative integer n, by fλ,ρ(n) = f(λn, ρn). The images logλ,ρ(N), rogλ,ρ(N) and ogλ,ρ(N) of
the functions logλ,ρ, rogλ,ρ and ogλ,ρ, will be denoted, respectively, by LOGλ,ρ, ROGλ,ρ and
OGλ,ρ. Usually, when the words λ and ρ are clear from the context they will be omitted in
the above notations.
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Example 2.1 Consider the left-infinite word λ = (baa)−∞ and the right-infinite word ρ =
(aab)+∞ over the alphabet A = {a, b}. Then, for every k ∈ N,
log(0) = log(1) = log(2 + 3k) = 0, log(3 + 3k) = 1, log(4 + 3k) = 2,
rog(0) = rog(1) = rog(2 + 3k) = 0, rog(3 + 3k) = 2, rog(4 + 3k) = 1,
og(0) = og(1) = og(2 + 3k) = 0, og(3 + 3k) = og(4 + 3k) = 1.
Therefore, LOG = ROG = {0, 1, 2} and OG = {0, 1}.
The following observation is useful.
Lemma 2.2 Let λ ∈ A−N and ρ ∈ AN. For every n ∈ N,
log(n+ 1) ∈ {0, log(n) + 1}, rog(n+ 1) ≥ rog(n)− 1.
Proof. Suppose λ = (an)n∈−N and ρ = (bn)n∈N. For a fixed n ∈ N let p = log(n) and
q = rog(n). Then λnx = x
′ρn and yλn = ρny
′ for some x, x′ ∈ Ap and y, y′ ∈ Aq. Notice that
λn+1 = anλn and ρn+1 = ρnbn.
From λnx = x
′ρn it follows that anλnxbn = anx
′ρnbn, that is, λn+1xbn = anx
′ρn+1.
Whence, log(n + 1) ≤ p + 1. Suppose that log(n + 1) 6∈ {0, p + 1}. Hence λn+1z = z
′ρn+1
for some words z and z′ with 1 ≤ |z| = |z′| ≤ p. Then z = wbn and z
′ = anw
′ for some
words w and w′, whence λnw = w
′ρn. From this equality one deduces that log(n) < p which
contradicts the assumption that p = log(n). Therefore log(n+1) ∈ {0, p+1} = {0, log(n)+1}.
Now, the condition rog(n + 1) ≥ rog(n) − 1 is obviously true for q = rog(n) ≤ 1. So, we
assume q ≥ 2. Suppose that rog(n + 1) < q − 1. Then zλn+1 = ρn+1z
′ for some words z
and z′ with |z| = |z′| < q − 1. Then wλn = ρnw
′, where w = zan and w
′ = bnz
′, meaning
that rog(n) < q. This contradicts the assumption q = rog(n) and, so, we conclude that
rog(n + 1) ≥ rog(n)− 1.
Example 2.3 Consider the left-infinite word λ = (b2a2)
−∞
cab and the right-infinite word
ρ = (ab2a)
+∞
over the alphabet A = {a, b, c}. The values of the functions log, rog and og for
these words λ and ρ are shown in the following table
n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 · · ·
log(n) 0 1 0 1 2 3 4 5 6 7 8 9 10 11 12 · · ·
rog(n) 0 1 0 3 3 3 5 5 4 3 6 5 4 3 6 · · ·
og(n) 0 1 0 1 2 3 4 5 4 3 6 5 4 3 6 · · ·
So, LOG = N, ROG = {0, 1, 3, 4, 5, 6} and OG = {0, 1, 2, 3, 4, 5, 6}.
3 Characterization of overlap functions with finite image
The purpose of this paper is to characterize the pairs of words in A−N × AN for which the
overlap gap function has finite image.
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3.1 Overlap gap versus right overlap gap
We begin by showing that ogλ,ρ(N) being finite or not depends exclusively on the function
rogλ,ρ.
Proposition 3.1 Let λ ∈ A−N and ρ ∈ AN. The set OGλ,ρ is finite if and only if the set
ROGλ,ρ is finite.
Proof. If ROG is a finite set, then it is obvious that OG is also finite since, by definition,
for every n ∈ N, og(n) = min{log(n), rog(n)}. In order to prove the inverse implication,
assume that OG is a finite set and suppose that ROG is infinite. Let M be the maximum
element of OG and let n ∈ N be such that rog(n) > 2M . Hence, Lemma 2.2 implies that, for
every i ∈ {0, 1, . . . ,M},
rog(n+ i) ≥ rog(n)− i > M. (3.1)
So, by definition of og and M , it follows that log(n + i) ≤ M for all i ∈ {0, 1, . . . ,M}. If
all such log(n + i) would be not null one would deduce from Lemma 2.2 that log(n +M) =
log(n)+M > M . As this does not happen by hypothesis, one deduces that log(n+ j) = 0 for
some j ∈ {0, 1, . . . ,M}. As, for every k ∈ N, log(k) = 0 if and only if rog(k) = 0, it follows
that rog(n+j) = 0. This is in contradiction with (3.1) and, so, we conclude that ROG cannot
be infinite, thus concluding the proof of the proposition.
Remark 3.2 It should be noted that it follows from the above proof that, if M is an upper
bound for OGλ,ρ, then 2M is an upper bound for ROGλ,ρ.
As a result of Proposition 3.1, we will now focus our attention on the function rogλ,ρ.
3.2 The rog function for ultimately periodic words
In Examples 2.1 and 2.3, we have considered ultimately periodic words λ ∈ A−N and ρ ∈ AN
with the same set of period words. In both examples
(
rogλ,ρ(n)
)
n∈N
is an ultimately periodic
sequence. This is true in general for words of that form, as we shall prove next.
In this section, we fix two ultimately periodic words λ ∈ A−N and ρ ∈ AN with equal sets
of period words and let
λ = u−∞w1 and ρ = w2v
+∞
be their canonical forms. It is clear that the period words u and v of λ and ρ are conjugate
words, say u = yz and v = zy with z ∈ A∗ and y ∈ A+, so that the period numbers |u| and
|v| of, respectively, λ and ρ are the same integer p ≥ 1. Let
m′ = min{|w1|, |w2|}, m = max{|w1|, |w2|} and M = m+ p− 1.
The other case being symmetric, we consider only the case in which m = |w1| and m
′ = |w2|.
We begin by showing that M is an upper bound for rogλ,ρ.
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Lemma 3.3 For every n ∈ N, rogλ,ρ(n) ≤M .
Proof. That the condition rog(n) ≤M holds for every n ≤M is trivial. Consider now an
n > M so that λn and ρn can be written in the forms
λn = u1u
ℓ1uw1 and ρn = w2zu
ℓ2u2,
where ℓ1 and ℓ2 are non-negative integers and u1 and u2 are, respectively, a proper suffix and
a proper prefix of u.
If u2 = ε, then |zu
ℓ2 | ≥ |u1u
ℓ1u|. As both words zuℓ2 and u1u
ℓ1u are suffixes of a power
of u, it follows that u1u
ℓ1u is a suffix of zuℓ2 , whence zuℓ2 = u′1u1u
ℓ1u for some word u′1.
Therefore, w2u
′
1λn = w2u
′
1u1u
ℓ1uw1 = w2zu
ℓ2w1 = ρnw1 and so rog(n) ≤ |w1| = m ≤M .
Suppose now that u2 6= ε and let u
′
2 be the proper suffix of u such that u = u2u
′
2. If
|u1u
ℓ1 | ≤ |uℓ2 |, then uℓ2 = u′1u1u
ℓ1 for some word u′1. Then w2zu
′
1λn = w2zu
′
1u1u
ℓ1uw1 =
w2zu
ℓ2u2u
′
2w1 = ρnu
′
2w1, so that rog(n) ≤ |u
′
2w1| ≤ p − 1 + m = M . Assume next that
|u1u
ℓ1 | > |uℓ2 |, whence u1u
ℓ1 = u′1u
ℓ2 for some word u′1. We notice that in this case |u
′
1| < |z|
since n = |u1u
ℓ1uw1| = |w2zu
ℓ2u2| and |uw1| > |w2u2|. Therefore, |u
′
1| < |u| and thus u1 = u
′
1
and ℓ1 = ℓ2. As u1 and z are suffixes of u, we deduce that z = z
′u1 for some word z
′ and, as
consequence, that zuℓ2 = z′u1u
ℓ1 . It follows that w2z
′λn = w2z
′u1u
ℓ1uw1 = w2zu
ℓ2u2u
′
2w1 =
ρnu
′
2w1. This shows that rog(n) ≤ M also in the present case, thus concluding the proof of
the lemma.
Proposition 3.4 below proves the ultimately periodic nature of the function rogλ,ρ. It
shows in particular that for every integer n greater than a certain threshold n0, rogλ,ρ(n) ∈
{m,m + 1, . . . ,M}. We are not interested in determining the optimal threshold n0 for each
specific pair (λ, ρ). However, we have tried to minimize grossly a threshold that works for a
generic pair (λ, ρ). Such a threshold is, of course, at least m. Although Examples 2.1 and 2.3
may suggest that the threshold could be close tom+p, this is not true in general. For instance,
for an arbitrary integer i ≥ 1, if λ = a−∞bai and ρ = aiba+∞, then rog(2i+1) = 0 < i+1 = m.
Let m be the (unique) integer in the interval {M,M + 1, . . . ,M + p − 1} such that m ≡
m′ + |z| (mod p) and notice that, as m′ + |z| ≤M , m = m′ + |z| + dp for some non-negative
integer d. Let w2 be the prefix of ρ of length m, so that w2 = w2zu
d and ρ = w2u
+∞. Finally,
let k0 be the least positive integer such that |z|+ (d+ k0)p > M .
Proposition 3.4 For all integers k ≥ k0 and j ∈ {0, 1, . . . , p− 1},
rogλ,ρ(m+ 1 + j + pk) =M − j.
Proof. Consider integers k ≥ k0 and j ∈ {0, 1, . . . , p − 1} and let n = m + 1 + j + pk.
Notice that M < m+ 1 ≤M + p, whence λn and ρn can be written in the forms
λn = u1u
k+1w1 and ρn = w2u
ku2,
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where u1 is a suffix of u
2 and u2 is a prefix of u with |u1| = m−M + j and |u2| = 1 + j. We
now observe that |w2| − |u1| = M − j ≥ m ≥ m
′ = |w2|. Hence |u1| ≤ |zu
d| and so, as both u1
and zud are suffixes of a power of u, u1 is a suffix of zu
d. Let x = w2u
′
1 and x
′ = u′2w1, where
u′1 and u
′
2 are the words defined by zu
d = u′1u1 and u = u2u
′
2. Then
xλn = w2u
′
1u1u
k+1w1 = w2zu
d+k+1w1 = w2u
ku2u
′
2w1 = ρnx
′. (3.2)
As |x| = |x′| = M − j, this shows that rog(n) ≤M − j.
Let q = rog(n). Then x1λn = ρnx
′
1, that is, x1u1u
k+1w1 = w2zu
d+ku2x
′
1, for some
x1, x
′
1 ∈ A
q. By definition of k0 and since k ≥ k0, |zu
d+k| = |z|+(d+k)p ≥ |z|+(d+k0)p > M .
It follows that |zud+ku2x
′
1| ≥ |uw1| and, so, uw1 is a suffix of zu
d+ku2x
′
1. Suppose that q < m,
whence m > 0 and w1 6= ε. If a is the first letter of w1, then ua is a factor of the p-periodic
word zud+ku2. This is in contradiction with the fact that a is not the first letter of u because
λ = u−∞w1 is in canonical form. Therefore q ≥ m. This already proves the result for j = p−1.
So, we assume j 6= p − 1 and suppose that m ≤ q < M − j. As x′1 is a suffix of λn of length
q ≥ m, it follows that x′1 = x
′
2w1 and x1u1u
k+1 = w2zu
d+ku2x
′
2 for some word x
′
2. Since we
are assuming |x′1| < |x
′|, we have further |x′2| < |u
′
2|. Now, as k ≥ k0 ≥ 1, we deduce that
uu2x
′
2 is a suffix of u
2. Denoting u′′ = u2x
′
2, it follows that u = u
′u′′ = u′′u′ for some word u′.
Since u′ and u′′ are both non-empty, this is a contradiction with the fact that u is a primitive
word because λ = u−∞w1 is in canonical form. This proves that q must be equal to M − j and
concludes the proof of the proposition.
3.3 The main result
In the last section, we have shown that ultimately periodic words with the same set of period
words determine right overlap gap functions with finite image. We now prove that this happens
only for that kind of infinite words.
Theorem 3.5 Consider two infinite words λ ∈ A−N and ρ ∈ AN. The set ROGλ,ρ is finite if
and only if λ = u−∞w1 and ρ = w2u
+∞ for some words u,w1, w2 ∈ A
∗.
Proof. Let λ = (an)n∈−N and ρ = (bn)n∈N. If λ and ρ are of the forms λ = u
−∞w1 and
ρ = w2u
+∞, then ROG is finite by Lemma 3.3. It remains to prove the direct implication of
the theorem. So, let us assume that ROG is a finite set. In general, we denote by ROGλ,ρ the
subset of ROGλ,ρ formed by the elements that are image under rogλ,ρ of an infinite number
of non-negative integers. Let m = min ROG and M = max ROG. We reduce to the case in
which m = 0. Suppose that m 6= 0 and let λ′ ∈ A−N and ρ′ ∈ AN be the words such that
λ = λ′λm and ρ = ρmρ
′,
that is, λ′ = · · · am+1am and ρ
′ = bmbm+1 · · · . Denote by rog
′ the function rogλ′,ρ′ . We claim
that
∀n ∈ N
(
rog(n) ≥ m ⇒ rog′(n−m) = rog(n)−m
)
.
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In fact, for an n ∈ N, if rog(n) = p ≥ m, then n ≥ m and xyλn = ρny
′x′ for some words
x, x′ ∈ Am and y, y′ ∈ Ap−m. Therefore yλ′n−m = ρ
′
n−my
′, whence rog′(n − m) ≤ p − m.
On the other hand, if rog′(n −m) = q < p −m, then zλ′n−m = ρ
′
n−mz
′ for some z, z′ ∈ Aq
and, so, ρmzλ
′
n−mλm = ρmρ
′
n−mz
′λm. Thus wλn = ρnw
′, with w = ρmz and w
′ = z′λm,
whence rog(n) ≤ m+ q < p, in contradiction with the assumption that rog(n) = p. Therefore
rog′(n − m) = p − m = rog(n) − m, which proves the claim. In particular, it follows that
ROGλ′,ρ′ = {j−m | j ∈ ROGλ,ρ}, whencem
′ = min ROGλ′,ρ′ = 0 andM
′ = max ROGλ′,ρ′ =
M −m. It is clear that, if the direct implication of the theorem holds for the pair (λ′, ρ′), then
it also holds for the pair (λ, ρ). We may therefore assume that m = 0.
Let (ni)i∈N be the crescent succession of all natural numbers ni such that rog(ni) = 0
(meaning that λni and ρni are the same word, which we denote by ti). For each i ∈ N, we
have ti+1 = uiti = tivi for some words ui, vi ∈ A
ki where ki = ni+1 − ni. From the equality
uiti = tivi one deduces that ti is a ki-periodic word with
ti = (risi)
ℓiri, ui = risi, vi = siri,
for some ri ∈ A
∗, si ∈ A
+ and ℓi ∈ N.
Suppose there is a k ∈ N and an infinite subset I of N such that ki = k for all i ∈ I. Then
all ui (i ∈ I) are the same word u and all vi are the same word v, with u = rs and v = sr for
some words r and s. Moreover λ = v−∞ = u−∞r and ρ = u+∞. Therefore, the result holds in
this case.
Otherwise, there is an infinite subset I of N such that, for every i ∈ I, ki > M and
ni > 2M . Let q = M+1 and let i ∈ I. We claim that in this case rog(ni+1−q) = q. Since I is
infinite, this claim entails that M < q ∈ ROG, a statement inconsistent with the definition of
M . So, actually, we will be able to deduce that the present case is impossible, thus completing
the proof of the direct implication.
Let us show the claim. Recall that λni+1 = uiλni = ρnivi = ρni+1 and λni = ρni = (risi)
ℓiri,
with ui = risi and vi = siri in A
ki . Since ki > M (whence ki ≥ q), we have ui = u
′u′′ and
vi = v
′′v′ for some words u′, v′ ∈ Aq and u′′, v′′ ∈ Aki−q. Hence
λni+1−q = u
′′λni = (u
′′u′)ℓiu′′ri and ρni+1−q = ρniv
′′ = riv
′′(v′v′′)ℓi
are ki-periodic words. Once ui is a prefix of ρni+1 , we have ui = ρki = b0 · · · bki−1, whence
u′ = b0 · · · bq−1 and u
′′ = bq · · · bki−1. Since ρni+1−q is a prefix of ρ, it follows that
λni+1−q = (bq · · · bki−1b0 · · · bq−1)
ℓiu′′ri and ρni+1−q = (b0 · · · bki−1)
ℓiriv
′′.
Moreover u′λni+1−q = uiλni = ρnivi = ρni+1−qv
′, whence rog(ni+1 − q) ≤ q. Suppose that
rog(ni+1 − q) = p < q, so that xλni+1−q = ρni+1−qx
′ for some x, x′ ∈ Ap. Notice that
p+ ki ≤ ni+1− q since ni ≥ 2M +1 ≥ p+ q. It follows that xu
′′u′ is a prefix of the ki-periodic
word ρni+1−q. As a consequence, we have bq · · · bki−1b0 · · · bq−1 = u
′′u′ = bp · · · bki−1b0 · · · bp−1
and, so, ui = b0 · · · bki−1 = bki−q+p · · · bki−1b0 · · · bki−q+p−1.
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Let z1 = b0 · · · bki−q+p−1 and z2 = bki−q+p · · · bki−1. It is well known that the equality
z1z2 = z2z1 implies the existence of a word z and positive integers h1 and h2 such that
z1 = z
h1 and z2 = z
h2 . It follows that ui = z
h1+h2 . Then λni+1 = ρni+1 = z
hz′ for some
positive integer h and some proper prefix z′ of z. Thus λni+1−|z| = ρni+1−|z| = z
h−1z′, whence
rog(ni+1 − |z|) = 0. This is absurd by the definition of the sequence (ni)i∈N, because ni <
ni+1 − |z| < ni+1 since 0 6= |z| < ki. Therefore rog(ni+1 − q) = q, thus proving the claim. As
argued above, this shows that the present case is impossible and concludes the proof of the
theorem.
Combining Proposition 3.1 with Theorem 3.5, we deduce the main result of the paper.
Theorem 3.6 For two given words λ ∈ A−N and ρ ∈ AN, the set OGλ,ρ is finite if and only
if λ = u−∞w1 and ρ = w2u
+∞ for some words u,w1, w2 ∈ A
∗.
4 The one-sided version
Theorem 3.6 above characterizes the pairs of words in A−N × AN for which the overlap gap
function has finite image. We now state and prove a one-sided version of this result, involving
two left-infinite words λ and ρ. It should be noted that, in this new situation, the definitions
in Section 2.2 need to be adapted. To do this, simply change the definition of ρn, which now
denotes the suffix of length n of ρ. This is a much simpler problem that was already treated
in [4] but with a slightly different definition of the overlap gap function and not announced
with full generality.
Theorem 4.1 Consider two left-infinite words λ, ρ ∈ A−N. The set OGλ,ρ is finite if and
only if ρ = λw or λ = ρw for some word w ∈ A∗.
Proof. Suppose first that ρ = λw or λ = ρw for some word w ∈ A∗. Let k = |w| and let n
be an arbitrary non-negative integer. In case ρ = λw, one has
λnw = ρn+k = w
′ρn
where w′ is the prefix of ρn+k of length k. This shows that logλ,ρ(n) ≤ k and so, since n
is arbitrary, that LOGλ,ρ is a finite set. In case λ = ρw, one deduces symmetrically that
rogλ,ρ(n) ≤ k and that ROGλ,ρ is finite. It follows, in both cases, that OGλ,ρ is a finite set.
Suppose now that OGλ,ρ is a finite set. Then, there exists a constant k ∈ N such that
ogλ,ρ(n) = k for an infinite number of non-negative integers n. By definition, ogλ,ρ(n) =
min{logλ,ρ(n), rogλ,ρ(n)} for every n ∈ N. Hence, one of the functions logλ,ρ and rogλ,ρ take
the same value k for an infinite sequence n0 < n1 < · · · < ni < · · · of natural numbers ni. In
the first case, that means that, for each i ∈ N,
λnixi = x
′
iρni
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for some xi, x
′
i ∈ A
k. Therefore, xi = ρk for every i such that ni ≥ k. Moreover, denoting ρk
by w, λw = ρ. In the second case one deduces symmetrically that λ = ρw, with w = λk. This
concludes the proof of the theorem.
A symmetric result is valid for right-infinite words.
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